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Let {p,} and {p? ! be two renewal sequences with the associated sequences

{g,) anb {g]} respectively, i.c. po=1,830, X g,<1and Vaz1, p,=3] g0, anl
with the similar relations for {p! }, { &gt }. : 1

Theorem: { g, =p,p’ } is also a renewal sequence with the associated sequence
{f.} given by f,=218.18,2"""8nBmi*""8hsrs Where the summation >! is taken over all

' k
pairs of sequences (n,,---n;) and (m,,---,m,) which satisfy: >ln,=> m;=n and Ys<
1 L

Lot ko, i‘.n,q&ﬁmh Observe: »n,, m; aie integers>1, so I, k>=n,

Proolf: By 21,3) of Chung’s “Marknv Chains”, we can construct two independent
Markov chains x_, and x?/ such that x,=0, p,=P(x,=0), g,=P{(X,#0, 1<<k<n-1;

=0) and with the same relations for p/, g/ and x/, 6 Now 2 = (x,x7) is a Markov

chain with the state space, the product of the stute spaces of x, and x/, Since x, and
x! are independent, so P(z,=(0,0))=P(X, =0)P(x;,=0)=p,pl =q,. Let f =Pz, (0,0) ,
1<<k<n~1,2,=(9,0)). By elementary propcity of Markov chains, VYn, q,;éfuqn_u.
So {g¢g,} is a renewal sequence. Let, T,=0, T,=min{k>0, x,=0}, -, ;“?=mir1
{k>T, ;s %,=0}. S,=T,-T,., for n>=1, Similarly define T/, s’ for x’, Both {S,}
and {8’} are independent, so {§,,S%} are indpndent. Now

Z=(0,0) «<> x,=0 & /=0 <> For somc l, k T,=T} =n &> For some 1 and
J.e ﬁ&x}k}Sf.

.I-‘or Ii::(n-mn,), m=(m,-m), let A77=[S; ﬁn,,s =m;, 1<il, 1<jigk],

then P(A77) = 8n&n, &n,Bh o 8E, .

‘ i & s i '
Let m={(AF): 2N, =n=21m;, 20, x> m, yi<s<l~1, I<t<k-11}, then
1 1 1 1

(= P(Z,=(0,0), 1<ksn-—1, Z,,z(O,O))=P[__LJ ;':;]= _21 P(AzR), This com

nmen {(nm)en

pletes the proof.



