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From (1)=>(2), we know that 1x —+ and 1x — § are invertible and w = (1x — 7)™,
t=(1x —8)7L. So f# = (1x — ) tap#(1x — §)~".

Remark 4.2([49 Remark 1) The method for proving (3)=>(1) belongs to Hartwig
(see [23]).

Corollary 4.3(128, Proposition 3)) It o ¢ R has a group inverse ¥ and j € J(R),
then a + j has a group inverse if and only if (1 — aa®)j(1 + a#j)~1(1 — a*a) = 0.

In that case, (a + j)# = (1 — 4)~}(1 4+ a#j)"1a#(1 — 6)~, in which

= (1+a%5)7'(1 - a*a)ja* (1 + jo#) ",
§ = (14a%))ta?j(1 — aa™)(1 + ja™) L.

Proof Since j € J(R), the element 1 + a¥; is invertible.

“«”. By hypothesis, ¢ =0, so f =a+ 3. Since 1 —y and 1 — ¢ are invertible,
a + j has a group inverse by Proposition 4.1. In that case, (a + 5)* = (1 —v)7}(1 +
a*j)~ta# (1 - 6)L.

“=” Let 7 = (a + j)#. By [11, Lemma 14.1], 7 € &{l1}, ie., e7e = ¢ and
e(1 — 7€) = 0. Since € = (1 — aa®)j(1 + a#5)71(1 — a¥a) € J(R),1 — ¢ is invertible

and € =0.

5 The Group Inverse of the Sum of Two Group Invertible

Elements

In this section, we assume that R is a Dedekind-finite ring. The group inverses
of sum and difference of two group invertible elements are presented under different

conditions.
Theorem 5.1(52 Theorem 3.11) 16t o p ¢ R# and 2 € R™L. If abb# = baa#, then
(1) a+b € R* and (a + b)# = a# + b# — %a#bb# - %bb#a# - %aa#b#.
(2) a — b€ R* and (a — b)# = a¥ — b* — ba™a¥ + ab?b¥.

Proof Since abb* = baa*, we have abb? (b#aa#)abb¥ = ab*abb# = ab*baa* =


xx
打字机
附录


FuH BEN . | CERAYE R 15 -

abb¥. So b*aa® is an inner inverse of abb¥. Then we have

(1 + b*aa® — b*abb¥)(1 + abb¥ — b¥ abb™) = 1 + abb™

— b abb? + b aa® + b¥ abb® — bFaat b*abb® — b*abb* — b*babb¥ + b¥ ab* abb®
=1 + abb? + b#aa® — b*aa®b*baa® — b*baa® — b#babb® + b¥ ab¥ baa
=1+ abb® + b* aa® — b*b" baa®b* baa” — b baa® — 7 babb” + b7 baa™
=1+ abb* + b aa® — b*aa® — b¥baa™ — baa™ + b*baa® = 1.

Since R is a Dedekind-finite ring, (14 abb# — b#abb¥)(1 + b*aa* — b#abb*) = 1. From
Theorem 2.7, we know that abb# € R#. Since b# (baa¥)? = b#babb* = b#bbaa™ = baa™,

we have
b*aa® = (b#)2baa# = (b:’é’é)2(baa#)s[(baaﬁ‘#)a‘#]2
= (baa™)[(baa™)#]? = (baa™)¥.

Similarly, (baa#)# = a#bb#. So a#bb# = b#aa#. Furthermore, aa®bb# = ab*aa® =
abb#b# aa# = b#aa#abb¥ = b#abb* = b#bac*. In addition,

bb# ab# = bb# abb*b# = bb*baa®b? = baa®b? = abb¥b* = ab”,

bb# a#b = bb# (a#bb# )b = bb#b#aa®b = (V¥ aa® )b = a*bb?b = a¥b.

Similarly, aa#ba# = ba# and aa#b*a = b#a. We know that abaa® = abb*baa® =
baa*abb#* = babb# = bbaa®. Hence aba# = bba*. Since a*b*aa* = a#bb#d#aa® =
b aata#bb# = b¥a#bb? = b¥b¥aa#, a¥b*a = b#b#a. Similarly, we can get bab* =

aab® and b¥a#b = a#a#b. From the above discussion, we have

abb™ = baa™, (5.10)
a*bb* = b*aa®, aa®bb? = bb* aa*, (5.11)
aa¥b#a = b#a, bb¥a?b = a¥b, (5.12)
bab? = aab”, aba™ = bba™, (5.13)
a*b*a = b*b%a, a¥a?b = b¥ b, (5.14)
aa®ba¥ = ba¥, bb*ab® = ab”. (5.15)

1 1 1
(1) Let £ = a¥ + b% — ia#bb# - Ebb#a# - §aa#b#. By equalities (5.10)-(5.12),
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then
1 1
(a +b)z = (a+b)(a* + b% — ia#bb# - Ebb#a# - %aa#b#)
1 1
—aa® + ab* — Zaa?bb# — ~abb*a®
2 2
_ Lov# 4 ba# 4 ov# — Leater# — Lpat - L paat ot
2 2 2 2
1 1 1
=a*a + ab® — Eaa#bb# - Eba# - Eab# + ba¥ + bb*
1 1 1
- 5aa#bb# - Eba# — ~ab*
=aa® + bb¥# — aa®bb¥.
and

z(a+b) = (¥ +b% — %a#bb# - %bb#a# - %aa#b#)(a +b)

1
=a*a + b#a - —;—b#a - %aa#bb# - §b#a + b#b — %aa#bb#

= aa® + bb* — aa¥bb¥.

So (a + b)z = z(a + b). By equalities (5.10) and (5.11), we have

1
2
=a* + aa?b¥ — %a#bb# ~ %bb#a# —~ %aa#b# + bb#*a + b# — —;—a#bb#

1
z(a+ b)z = (aa™ + bb¥ — aa®bb?)(a* + b7 — %a#bb# — Zbb*at — Eaa#b#)

1
_ %bb#a# _ %aa#b# _ bbFa* — aatbt + %a#bb# + %bb#a# + soa#b#

=a? + b# — %a#bb# - %bb#a# - %aa#b# =z

and
(a+ b)z(a + b) = (a + b)(aa” + bb¥ — aa™bb¥)
= a + abb¥# — abb¥ + baa* + b — baa™bb*

=a+b.

1
So (a + b)# = a# + b¥ — Ea#bb# - %bb#a# - %aa#b#.

(2) Let y = a# — b# — ba#a* + ab”b*. By equalities (5.12)-(5.14), then
(a —b)y = (a — b)(a¥ — b* — ba™a¥ + ab¥b¥)
= aa®” — ab® — aba¥a® + aab®b* — ba¥ + bb¥ + bba™ a¥ — bab® b
= aa® — ab? — bba*a¥ + aab#b# — ba* + bb* + bba®a¥ — aab®o*
= aa® — ab” — ba™ + bb*
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and
y(a —b) = (¥ — b* — ba™a¥ + ab®b¥)(a — b)
= a¥a — b#a — ba*a¥a + ab?b%a — a®b + b*b + ba¥ a¥b — ab¥ b7
= a*a — b%a — ba¥ + b¥a — a®b + b%b + a¥b — ab*
= aa® — ab¥ — ba® + bb7.

So (a — b)y = y(a — b). By equalities (5.11) and (5.15), we have

ab*a? = a(b*aa®)a® = aa®bb¥ o,

ba#b* = b(a¥bb¥)b¥ = bb* aa® b7,

ba?ba*a* = b(a?bb¥ )ba*a* = (bb¥aa®)ba¥ a¥ = (aa¥ba¥)a¥ = ba¥ o,
ab®ab?b* = ab™ (aa® a)b* b = a(b*aa®)ab®b* = (aa® bb¥ )ab® b

= bb*aa” ab®b? = (bb¥ ab® )b = ab¥b¥.

Thus,

y(a — b)y = (aa® — ab® — ba¥ + bb¥*)(a™ — b — ba™a® + ab¥b?)
=a¥ — aa®bb¥a¥ — ba¥a® + bb*a* — ba¥a¥ + ba™ a¥ + ba” a¥ — ba? o
— aa®b? + ab? b + bbFaa® b — 6% + ab® o — ab¥bF — ab® b7 + ab®b¥
=a* — b* — ba*a* + ab*b* = y.
Since
ab*a = a(b*aa*)a = aa®bb*a, ba*b = b(a® bb¥ )b = bb*aa®h,
we have
(a —b)y(a — b) = (aa® — ab® — ba™ + bb™)(a — b)
=a — ab™a — ba*a + bb*a — aa®b + ab®b + ba¥b — b
= a — aa®bb¥a + bb¥a — aa®b + bb¥aa¥b — b
=a — bb*a + bb*a — aa®b+aa®b—b=a—b.
Therefore, (a — b)# = a# — b# — ba#a* + ab¥b¥.
Next, we present the expressions of (a + b)# and (a — b)# under the condition
bb*a = aa®b.

Theorem 5.2([52, Theorem 3.21) 1ot o p ¢ R# and 2 € R™L. If bb¥a = aa*b, then
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(1) a+b€ R* and (a + b)* = o + b* — Lbb#a# — Ja#bb# — Jb% aa”.
(2) a —b e R* and (a — b)# = a# — b¥ — a*a?b + bFb¥a.
Proof Since bb#a(aa#b#)bb*a = bb*ab¥ a = aa®bb¥a = bb¥a, aa™b¥ is an inner
inverse of bb¥#a. Since bb¥#a = aa*b, we have
(1 + bb#a — bb*ab®)(1 + aa®b? — bb¥ ab™) = 1 + bb*a — bb* ab”
+ aa®b* 4 bb*ab® — bb*ab¥ aa® b — bb* ab? — bb¥ abb® ab¥ + bb* ab* ab™
=1+ bb%a + aa®b* — aa®bb*aa®b¥ — bb*ab? — bb* abb? + aa®bb¥ ab™
=1+ bb¥*a + aa®b# — aa®b* — aa®bb* — aa®b + aa®bb? = 1.
Since R is a Dedekind-finite ring, (1 + aa#b# — bb#ab#)(1 + bb¥a — bb#ab?*) = 1.
So 1 + bb#a — bb#ab* € R™L. From Theorem 2.7, we know that bb¥a € R¥. Since
bb#aa#a = bb¥a = aa®b, (bb*a)*aa® = aa*b¥. Then we have
(bb#a)*aa® = (bb%a)* (bb¥ o) bb* aaa® = (bb¥a)*.
Hence (bb#a)# = aa#b#. Similarly, (aa#b)# = bb#a#. Therefore, bb*a# = aa®b¥. We
have
aa®bb# = bb* ab* = (bb*a)(aa®b?) = (aa®b¥)(bb¥a) = bb* aa™.
In addition,
ab*aa® = aaa®b*ad® = abb”a”aa” = aaa®b” = ab¥,
ba#bb# = b(bb* a? )bb¥ = baa®b¥bb¥ = baa¥b¥ = bbb¥ o™ = ba™.

Since bb#ab = bb*aaa®b = aa®bbb¥a = aa¥ba = bb¥aa, b¥ab = b*aa. Similarly,
a?ba = a*bb. Since bb¥a#b# = bb¥ataa#b* = aa#b#bb#a# = aa¥b¥a? = bb¥a*a¥,
ba#*b# = ba*a*. Hence, b#a#b# = b#a#a#. Similarly, ab¥a# = ab#b# and a#b#a# =

a#b#b#. To sum up, we have the following equalities:

bb*a = aa®b, (5.16)
a#b*o* = a*b*a¥, (5.17)
bb#a# = aa®b#, aa®bb* = bb"aa™, (5.18)

ab®aa® = ab®, ba*bb* = ba¥, (5.19)
ab?a? = ab®b# | ba¥b¥ = ba¥a¥, (5.20)
(

a*ba = a”bb, b¥ab = b* aa. 5.21)
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1
(1) Let z = a¥ + b* — §bb#a# - %a#bb# - %b#aa#. By equalities (5.16), (5.18),

and (5.19), we obtain that
1 1 1
(a+ bz = (a +b)(a¥ +b¥ — ibb#a# - Ea#bb# - §b#aa#)
1 1 1
—aa® + ab® — —ab¥* — ~aa¥bb* — —ab™
2 2 2
1 1 1
+ ba® + bb* — Eba# - §ba# - —éaa#bb#
—aa® + bb* — aa¥bb¥
and
#oap Ly a Loaa Lo o
z(a+b) = (a™ +b ——2—bb ¥ —ca bb _§b aa™)(a +b)
=a%a + b¥a — %aa#bb# - %a#b - %b#a +a*b
1 1 1
#rp o Z o Fr#y o #L _ p#
+ b7 2aabb 2ab 2ba
=aa® + bb#* — aa¥bb¥.

So (a+ b)x = z(a + b). By equalities (5.16) and (5.18), we have
1
z(a+ b)z = (aa™ + bb* — aa®bb?)(a¥ + ¥ — %bb#a# - Ea#bb# - %b#aa#)

1 1 1 1
=a¥ + aa®b¥ — §aa#b# - §a#bb# - §bb#a# + bb*a® + b¥ — Ebb#a#
1 1 1 1
- iaa#b# — %b#aa# — aa®b#* — aa®b# + Eaa#b# + iaa#b# + Ebb#a#
1 1
=a¥® + b% — §bb#a# — ia#bb# - %b#aa# =z,

and
(a+ b)z(a + b) = (aa®™ + bb* — aa™bb?)(a + b)
=g + bb¥a — aa®bb¥a + aa®b+ b — aa®b=a +b.

1 1
So (a + b)# = a# + b¥# — §bb#a# - %a#bb# - Eb#aa#.

(2) Let y = a¥ — b#* — a*a¥b + b7 b*a. By equalities (5.19)-(5.21), then
(a—b)y = (a — b)(a” — b* — a*a™b+ b¥b7a)

# _ ab? — a*b + ab*b*a — ba® + bb* + bata®b — b¥a

= aa® — ab* — a*b + ab¥ a*a — ba¥ + bb¥ + ba¥b¥b — b¥a

= aa — a?b — b*a + bb¥
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and

y(a - b) = (a¥ — b* — a*a®b + b*b%a)(a — b)
= o%a — b¥a — affaba + bFb%aa — b + b#b + a¥a?bb — b¥b*ab
= a*a — a™b — b¥a + bb¥.

Hence, (a —b)y = y(a—b). Since a#b#a = a¥aa*b*a = a¥#bb¥ a¥a, by equalities (5.16),
(5.17), (5.18) and (5.20), we obtain

y(a — b)y = (a¥a — a®b — b*a + bb¥)(a¥ — b¥ — a*a¥b + b7b7a)
=a¥ — aa®b" — a¥a¥b + aq#b#b#a — a*ba® + a#bb# + a¥bat a¥b — a¥ b a

— bt aa® + bFab? + b*a*b — b ab bt a + bbF ¥ — bF — bb¥a¥ a¥b + b b a
=a* — aa®b* — a”a?b + aq#b#a#a — a*aa®ba? + a*bb* + a”aa¥ba¥ a?b — a¥b*a

— b*aa® + b*ob% ab® 4 b7 bb¥ o b — b ob* ab? b o + bb¥ a? — bF — bbF a7 b + bFb7a
=a* — aa®b¥* — a#a®b + aa®b* — a¥bb*a¥ a + o bb* + o bb7 aa® a?b — o bb* aa?

— b*aa® + b*aa®bb? + b% aa®bb? — b*aa® bbb a + bb¥ a¥ — b — bb*a¥ + bFb7a
=a# — bb*a# — a#a#b + bb*a* — a®bb* + a¥bb* + a*aa®b¥b — a?bb* — ¥ aa¥

+ b*aa# + b*aa® — b#bb*a?a + bb¥a* — b# — bbta? + bFb#a
=a — b — a¥a®b+ bFba = y.

By equalities (5.16) and (5.21), we have

(a — by(a — b) = (a®a — a™b — b*a + bb*)(a — b)
— a — a¥ba — b*aa + bb¥a — aa®b + a?bb + b¥ab — b
= a — a¥bb — b*aa + bb¥a — bb*a + a?bb + b*aa —b=a — b.

Thus (a — b)# = a# — b#* — a#a#b + b#b¥a.
According to the above two theorems, we have the following corollary.

Corollary 5.3(52 Corollary 33) Let a, b R¥ and 2 € R™'. If abb# = baa# and
bb#a = aa*b, then

(1) a+b € R* and (a + b)# = a¥ + b# — 2a#bb?.

(2) a —b € R¥ and (a — b)# = a¥ — b*.
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Proof By the proof of the above two theorems, we have
a#bb* = b*aa®, bb*a¥ = aa® b,
#b¥a = b a?b = a¥bb¥,
ab = aaa™b = abb™a = baa*a = ba,
a*a¥b = a*b*a = bFata = a*bb*,
ab® = aaa®b* = abb¥a” = baa*a* = ba*,
a*b = a*aa®b = a¥bb*a = b*aata = b*a,
aa®b? = o (ab¥) = (a¥b)a® = b*aa?,
ba¥a® = ab¥a¥ = ab¥aa®b* = aa®b* = a%a¥ (a* b7 )b*
= a?(a®b? a)a®b? = a%a¥ o (ba™)b" = aa® (ab®)b* = ab¥ b,
From Theorem 5.1, we obtain

1
(a+b)# = a¥ +b* - %a#bb# - -ibb#a# - %aa#b#

= a? +b% - %a#bb# ~ aa®b*

= o +b¥ - %a#bb# ~ b*aa®

= o +b% — %a#bb# — a¥bb#
= o +b% - ga#bb#

and

(a—b)# = a# —b* —ba?a® + ab™ b7
= a¥ - b¥,

6 The Group Inverse of a Product

Mary and Patricio [34] characterized the existence of the group inverse of a product
of two regular elements by an unit and gave the corresponding expression. Let a,b be

regular elements in R, with reflexive inverses a™, b, respectively. Let also

w= (1 — bb"') (1 — a+a)





